Elements of Probability Theory

(Baye’s Theorem, Random Variables)

—~——
7.1 PROBABILITY '

Probability is a concept which numeri

1O cally measure the degree of uncertainity and therefom' of
certainity of the occurrence of events.

If an event 4 can happen in m wa d fail i I these ways being equally |
ys, and fail in n ways, a ein tkely
occur, then the probability of the happening of 4 is "Y\“

~ Number of favourable cases __m
~ Totalnumber of mutually exclusiveand equally likelycases m+n

n

and that of its failing is defined as
m+n

If the probability of the happening = p
and  the probability of not happening = ¢

ptq= " —M+n—l or ptq =1
then - mtn mtn m+n

For instance, on tossing a coin, the probability of getting a head is
7.2 DEFINITIONS

1. Die:Itisa small cube. Dots are. .. ... :: :i. ::: marked onits faces. Plural of the dieis
dice. On throwing a die, the outcome is the number of dots on its upper face.

o | -

Cards : A pack of cards consists of four suits i.e. Spades, Hearts, Diamonds and Clubs
Each suit consists of 13 cards, nine cards numbered 2, 3, 4, ..., 10, and Ace, a King

Queen and a Jack or Knave. Colour of Spades and Clubs is black and that of Hearts s
Diamonds is red. Kings, Queens, and Jacks are known as face cards.

Exhaustive Events or Sample Space : The set of all possible outcomes of 2 Siﬂﬂl_‘
performance of an experiment is exhaustive events or sample space. Each outconé®
called a sample point. In case of tossing a coin once, S = (H,T) is the sample space. T

¢ ) ) i
outcomes Head and Tail constitute an exhaustive event because no other outcom
possible.

Random Experiment : There are experiments, in which results may be altogether dnﬁﬁdom
even though they are performed under identical conditions. They are known 3 i
experiments. Tossing a coin or throwing a die is random experiment.

Trail and Event : Performing a random experiment is called a trial and outcome 1': o
as eyent. Tossing of a coin is a trial and the turning up of head or tail is an even-

1
\9 Equally likely events: Two events are said to be ‘equally likely’, if one of the™ s

y
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€Xpected in preference to the other. For instance, if we draw 5 card from well-shuffled

pPack, we May get any card, then the 52 different cases are €qually likely.

7. Independent .
does not infly
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event : Two events may be independent, when the actual happening of one
ence in any way the probability of the happening of e other '
Ex‘alpple. The event of getting head on first coin and the eve
coIn 1n a simultaneous throw of two coins are independent.
Wutually Exclusive events: Two events are known as mutually exclusive, when the
Occqrren'ce of one of them excludes the occurrence of the other. For example 0;1 tossing of
a coin, either we get head or tail, but not both, . ’ &

——

nt of gettiiig tail on the second

10. Favorable Events : The events, which ens

events. For example, in throwin gadie, t
cases. |

ure the required happening, are said to be favourable
o have the even numbers, 2, 4 and 6 are favourable

B has already happened. It is usually denoted by p (4/B).
12. Odds in favour of an event and odds against an event

If number of favourable ways = m, number of not favourable events = n

(1) Odds in favour of the event = % , Odds against the event = — .

m

Types of Probability

1. Classical Definition of Probability. If there are ¥ equally likely, mutually, exclusive and
exhaustive of events of an experiment and m of these are favourable, then the probability of

the happening of the event is defined as % .

Experimental Probability

Experimental probability is calculated by performing an activity, such as on tossing a coin the
number of heads turning up and the number of trials are noted .

Number of heads turning up
Number of trials
Example 1. Find the probability of throwing
(a) 5, (b) an even number with an ordinary six faced die.
Solution. (a) There are 6 possible ways in which the die can fall and there s only one way
of throwing 5.

Experimental probability =

Number of favourable ways

1
ility = : == Ans.
Probability Totalnumber of equallylikely ways 6 e
(6) Total number of ways of throwing a die = 6
Number of ways falling 2, 4, 6 =3
= Ans.

| W
N | —

The required probability =
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the required robability = =5 = 13
quire@ P Y= 5213 Ay
EXERCISE 7.1

In a class of 12 students, 5 are boys and the rest are girls. Find the probability that a student Select
€

- will be a girl. Ans. l

12

ty of drawing 2 red ball.  Ans. I-’_

5

3.

R
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Example 2. Find the probability of throwing 9 with two dice. 4 (MTU)
le ways of throwing two dice=6 x 6 =36

Solution. Total number of possib
Number of ways getting 9. i.e., (3+

; 4 1
The required prob bility= === 5 -
B probability = 357 9 Ans,

Example 3. From a pack of 52 cards, one is drawn a

getting a king.
king can be chosen in 4 ways.
n 52 ways.

t random. Find the propgy.,.
l'hty of

Solution. A

But a card can be drawn 1
4 1

ack balls. Find the probabili

A bag contains 7 red and 8 bl
Three of the six vertices of a regular hexagon are chosen at random. Find the probability that the triangle
with three vertices is equilateral.
@ Ans, —
10

e o0 53 Sundays. [
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\f ADDITION LAW OF PROBABILITY

If p,, p,,... p, be separate probabilities of mutually exclusive events, then the probability P,
that any of these events will happen is givenby P=p +p, +p, +.... +p,

Proof. LetA, B, C,...... be the events, where probabilities are respectively Py Py

.y
Let n be the total number of favourable cases to either A or B or C or....
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Hence,  P(4+ B 4 C...) <M tmoyg, + "
n

: P(A)+P(B)+P(C)+ .....

P
Note M“?“"y Exclusiye Eventp htp VFep Proveqg
Consider the cpge Wher ) '

~ Wo \)
the event that either A o B SVentS A and B gre nOt Mutygy -
orb oceur is given g ny exclusive,

CYB)=P)y+p g
Exampled. 4, Urn conrqipg N blaf'k)and I(’ 3\»/:::)0(;3 e

. l 87 12x1y
—-—CL-;&‘ 1x2 Ix2
X, ¢, 20x19 20x19
1x2 Ix2
_28 66 94 47
B - Ans

Solution. There are two mutually exclusive cases,
(?) when the first bag is chosen, (i1) when the second bag is chosen,

1 -
Now the chance of choosing the first bag is 2 and if this bag is chosen, the probability of

drawing a white ball is 4/6. Hence the probability of drawing a white ball from first bag is
1 4 |

—_X—_=

2 6 3

Similarly the probability of drawing a white ball from second bag is
I 3 1

—_ X —_-=

2 6 4

Since the events are mutually exclusive the required probability
N 7

1

.

- 14
3
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nes I, Il and 111 manufacture respectively 0.4, 0.5 and 0.1 o
of defective items produced by I II andHtIh.e
is

For an item chosen at random, what i h
the

ree machi
total production. The percentageé

2, 4 and 1 per cent respectively.
probability it is defective ?

Solution. The defective item produced by ma

Example 6. Th

chine 1

_0.4x2 08
=700 10 0
0.5%4 _ 2 ¢
(

jve item produced by machine I =790 100

db hi 111——’—0'1x1=0—'1-
ed by machine =700 100

The defect

The defective item produc
uced by machines I, 11, 11

08, 2, 01_29 _qm9
=700 100 100 100

The total defective items prod

The required probability = 9&122= 0.029

Ans,

7.4 MULTIPLICATION LAW OF PROBABILITY
bilities of which are known, then

the respective proba

If there are two independent events
the product of the probabilities of their happening

the probability that both will happen is

respectively.
P(AB)=P(4)* P (B)
Proof. Suppose A and B are two independent events. Let A happen in m  Ways and failinn
1

ways.

Pd) = —
ml+nl

Also let B happen in m, ways and fail in n, ways.

P(B) = —2
m,+n,

Now there are four possibilities

1;11 and B both may happen, then the number of ways=m_.m

y may ha'ppen and B may fail, then the number of ways ; ni n

y may fail and B may happen, then the number of ways = n "

and B both may fail, then the number of ways = n o
Thus, the total number of ways =mm +m rl: ’_':
12 172 nlmZ + nan
g, - m _‘-

Hence the probabilities of the happening of bo(thlA :11‘1)(1(1':;r e

P(AB) = mm, _ m m,
(mtn)(my+m) m+n Tt
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Example 7. 7, probability that machine A will be performing an usual function in S e

time is 1 while the probability that machine B will still be operating usefully at the
4 L

end of the same period, is 3
Find the probability in the following cases that in 5 years time :
(1) Both machines will be performing an usual function.

(i) Neither will pe operating.

(i) Only machine B will pe operating.

(iv) At least one of the machines will be operating.

3
4

H—

1
Solution. P (4 operating usefully) = 7 504 4) =1-

1
P (B operating usefully) = 3:50¢ (B) =1-

W | =
w8

(i) P(Both 4 and B will operate usefully) = P (4). P(B)
_ (l) x (l) _1
1) 3) 12
(9;) P (Neither will be operating) =g (4).q B)= (%) (%] = -;-

1 1
(ii1) P (Only B will be operating) =P (B)x ¢ (A) = (EJ X (%J = Z

() P (At least one of the machines will be operating)

=1~ P (none of them operates)
1 1

die is cast. If number 3 or humber 5 turns up, a subject is selected at random from
the first group, otherwise the subject is selected at random Jfrom the second group.
Find the probability that an engineering subject is selected ultimately.

(A-MILE.TE., Summer 2000)

Solution. Probability of turningup 3 or 5 =

Ao
W | =

3
Probability of selecting engineering subject from first group = 3
Now the probability of selecting engineering subject from first group on turning up 3 or 5
1 3) 1
Sl =X ===
(_J [8] 3 - (1)
. 1_2
Probability of not turning up 3 or 5= 1- 373

5
Probability of selecting engineering subject from second group = 3
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Now probability of selecting engineering subject from second group turning ,;, Yorg )
378 12 Q
ineeri ject =2 t+— [Fro
Probability of the selection of engineering subject 8 12 m (1) anq (2)]
13
e d, three bl d fe Ay
. : 1 A ue and foyuy bl v
nine balls, two of which are re‘ three ar ack
rampleS: gc;;r:r;z:‘f;fﬁnm the urn at random. What is the probability thq; ree
j lours?
i) the three balls are of different co
((ii) the three balls are of the same colour? A.MIE., Summe, 200

i cont 3 Blue balls and 4 Black balls
Urn contains 2 Red balls, 3 Blue balls an : i
(i) Three balls will be of different colours if one ball is red, one blue and one black pqy are

drawn.
ZC’lx3C1><4C1 B 2x3x4=£
Required probability = °C, 84 7 Ang,

(i7) Three balls will be of the same colour if either 3 blue balls or 3 black balls are drawp,
P (3 Blue balls or 3 Black balls) = P (3 Blue balls) + P (3 Black balls)

3 4 1+4 5
G, G _ _

_9C3 °c, 84 84 An,

Example 10. 4n urn A contains 2 white and 4 black balls. Another urn B contains § white ang
black balls. A ball is transferred from the urn A to the urn B, then a bqj] IS drayy
Jrom urn B. Find the probability that it is white.

Solution. Urn 4 contains 2 white and 4 black balls.

Urn B contains 5 white and 7 black balls.

Now there are two cases of transferring a ball from A to B.

Case 1. When a white ball is transferred from A to B

P (Transfer of a white ball) = —E—— = 2
After transfer of a white ball, urn B contains 6 white balls and 7 black balls.
P (Drawing a white ball from urn B after transfer)

= P (Transfer of a white ball) x P (Drawing of a white ball)

3)\6+7) 3713 13
Case IL. When a black ball is transferred from AtoB.

4
P (Transfer of a black ball) = = ;

After trapsfer of a black ball, urn B contains 5 white and 8§ black balls.
P (Drawing a white bal] from urn B after transfer)

= P (Transfer of a black ball) x p (Drawing of a white ball)

_g( 5 )_10
- 3(5+8) 139




10 16

2
Require probability = 4 Ans.
’ 13 19 19

Example 11, 4 bag contains 10 white and 15 black balls. Two balls are drawn in

wecession What is the probability that fiys Is White and second Is hlack ?
o 10
Solution. l‘rolmlu]n) of drawing one white ball =
thahlln_\‘ ofdm\\'mg one black ball without replacement - 15/24
Required probability of drawing first white ball and secong black ball

10 y 15 1
25 24 4 -

Example 12, 4 committee is to be formed by choosin

& Wo bays and four girls out of a
group of five boys and six girls. What js :

he probability that q particular hoy

Solution. Two boys are to be selected out of 5 boys.
the committee. It means that only 1 boy is to be selected out of 4 boys.
Number of ways of selection = ‘C,

Similarly a girl B is to be included in the committee.

Then only 3 girls are to be selected out of 5 girls.

Number of ways of selection = °C,

‘G x’c, _4x10 4
C,x5¢, 10x15 15 Ans.

Example 13. Three groups of children contain respectively 3 girls and | boy; 2 girls and 2
boys; 1 girl and 3 boys. One child is selected at random from each group.
Find the chance of selecting 1 girl and 2 boys.
Solution. There are three ways of selecting 1 girl and two boys.
I way : Girl is selected from first group, boy from second group and second boy from third
group.
Probability of the selection of (Girl + Boy + Boy)

Required probability =

[l way : Boy is selected from first group, girl from second group and second boy from third

group. .
Probability of the selection of (Boy + Girl + Boy)

1 23 6

=—X—=X—=—

4 4 4 &4
Il way : Boy is selected from first group, second boy from second group and the girl from
the third group.
Probability of selection of (Boy + Boy + Girl)

I8 6 2 26 I3

Total probability = é*a "4 64 32

Ans,
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Example 14. The momber o7 ectively. The probability of o d

oy 2

o a5 3and0STED 2 b feach 3 " 2,

probabiliny 0. U3 &= 3 _3ilary phat G fomily kas ng by, J”Zd.i_,, *
0 5 Famd the probatiis J -

boy or gzt V. .

. 7y
Selution. Here there are tree ypes of 5=
(i) Probability of zero chald (boys) = 0= ’
Gud
(m) Bov
1
o (]
1
Probability of zero boy m case [I A
Gxi
(@) Bov
>
0 2
1 1
2 0
S+ =0.167
Inthisasepmbabﬂnyofzaoboy=03"§— 16
=02-0.15-0.167=0517 -
EﬂTﬂe15Ahabmdadﬁ;’e@eammbumienﬁwrwsmmhm

1
post. The probability of kusband s selection is — andt}mq(a‘g’ej%x

Wy |

. What is ihe probability that

(i) both of them will be selected
(i1) onlv one of them will be selected and
(i11) none of them will be selected ?

1
Selution. P (husband’s selection) = <. P(w1fe’s selecnon) =

W | -

1 1 1
(i) P (both selected) =:’g=3—{
(ii) P (only one selected) = P (only husband's sclection) ~ P (only wife's selecnon)

1 416 10 2

Y

:_’—~—t—-=—=—
— -

.
S Y 7 3 -
3 D 7 S 7

(iii)Plnoneofthemv.'illbesebaad)=2’i=2—4 A=
7 5 35
Example 16. A problem of siatistic« Is given 1o three Students 4. Bmdcmwa
1 1 prone®
solving it are 3 zand 3 "Epectively. What is the probability that e
will be solved”

-
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Solution. The probability that 4 cap solve the problem = L
2
The probability that A cannot solve the problem = I

1-=.

Similarly the probability that B and ¢ cannot solve thezproblem are

(Huils

. The probability that 4, B, C cannot solve the problem

l] ( 3J )=
=|1-—|x|1-= x(l—-)=_ l ézi
[ ’ 4 4) 274743

Hence, the probability that the problem can be solved

=] =
32 32 Ans.
Example 17.4 student takes his examination in four subjects a, B, vy, 8. He estimates his

. . 3 5
chances ofpassmg noas g, n B as Z, inyas g andind as 5 To qualifj/,
he must pass ina.and at least two other subjects. What is the probability that
he qualifies? (AMIETE, Dec. 2010)

4 5 2

Solution. P(a) = 3 PP)= %, P(y) = e P(8) = 3

There are four possibilities of passing at least two subjects.
(/) Probability of passing B, y and failing &

Probability of passing at least two subjects. |
5 5 1 5 61
=—4—F+—+—=—
24 36 12 12 72
Probability of passing o and at least two subjects.
= ix 2.8 Ans.
5 72 9
There are 6 positive and 8 negative numbers. Four numbers are chosen at

yandom, without replacement, and multiplied. What is the probability that
the product is a positive number ?

Example 18.



7.5 CONDITIONAL PROBABILITY N
Let 4 and B be two events of a sample spaze S and let P(B) # 0. Then conditional Probal

of the event 4, given B, has already occured denoted by P (4/B), is defined by
P(AN B)

P(B) (1)
Theorem. If the events 4 and B defined on a sample space S of a random experimep; are
independent, then

P(A/B)=P(4)and P(B/A)=P B)
Proof. A4 and B are given to be independent events,
P andB)=P(A)*P(B)
P(ANB) _P(4).P(B) _
P(B)  P(B)

P(BNnA) P(B).P(A) _
P(4)  P(4)

iliy

P(4/B) =

— P(A4/B)=

P(A)

= P(B/ A4) = P(B)
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7.6 BAYE'S THEOREM .
fB.B.B,. B are mutually exclusive cvents with PIB) = 0.1 =1. L. : my ok 2
random experiment then for any arbitrarn cvent A of the sample space of the 0072
experiment with 1 {)> 0, we have
REITNIVEAR
P(B A=
Y PiB)P(A B) (fxr=73
PB.)PA'B.)
PB. A= G p 4 B)~PIB)PA/B)~PB P4 B)

Proof.LctSbetbesampIcspaceofthemndomeXpennrm
The events B,. B.. .... B, being exbaustive
s=BUB vk,
[-4< 5]
A=ANS
=An(B,vB,v--<B,)
=(4nB)(ANB.)o..J(A~B,) [Dismbe Law]
P(A)=P(AnBI)+P(AhB:)7__-HAnB,;
=P(B)P(4/B)~P(B.)P(4 B.)+_-P(B,)A4 B,)

= iP(Bz)P(A ‘B) »
=
Now, P(AmBi)=P(A)P(Bf,A)
P(B,/ A)= PANB) = .P(B;)P(AJB)
. POy rsyparB) [Using (1

Note. P(B) is the probability of occurrence B. If we are told that the event 4 has afreadv occwrred.
On knowing about the event A, P(B) is changed to A(B 4} With the help of Bave's heorem
we can calculate P(B/ A).
Example 23. An urn I contains 3 white and 4 red balls and an wrn [I contains 3 whize ams
6 red balls. One ball is drawn at random from one of the wrns amd == fowmd © 5
white. Find the probability that it was drawn from um I

Solution. Let U,: the ball is drawn from um I
U, : the ball is drawn from um II
W - the ball 1s white.
We have to find P (U /W)
By Baye’s Theorem
- AU PW L)
T PPV L)+ PPV L)

PlL‘ ) (D

Smce WO urns are equa“) llkfly o tx Sem P(L' = P(L:‘ —

Vo | b

»
A

P(W/U ) = P (a white ball is drawn from um 1) = =



aduetion 10 Enginetitid B 7 R0ty am [

Int
200 j T“)
POV = 1 (n white bull i drawn fom un 1= |
|\
SR
) Y= 8 ‘
From (1), ALY '. ) . | " S o Any,
‘ 2 1] K, A red, 0 black; 5 red, § black

27 2
containg 6 red, 4 blac

he neny Ia yelectec
. he probability

{ at random and @ ball I dyayy, b bay,

Example 24, Three urns
that It 18 drawn from the flpy M:'::" I

reapectively, One of t
If the ball drawn iy wed find 1
U,: the ball iy drawn from U,

U/, the ball s drawn from U,
U, the ball v drawn from U,

R : the ball i red.

Solution. Let

We have to find 2 (U/R),
By Baye's Theorem,
P RIU,)
P, 1 R) = PU)PRIU) + PU)PRIU, )+ PAUDPRTU) (1)

|
Since the three urns are equally likely to be selected P(U)) = P (U =P Uy =3

)
Also P(R/U.)= P (a red ball is drawn from urn ) = 7

P (R/U,) = P (a red ball is drawn from urn =1

5
P (R/U,) = P (a red ball is drawn from urn I11) = 10
I i 0
.2 Ans.

R ) - —
. From (1), we have P(U,/R) T 61 4 1 8575
X oo X X
310 3 10 3 10
Example 25. /n a bolt factory, machines A, B and C manufacture respectively 25% 35h
and 40% of the total. If their output 5, 4 and 2 per cent are defective bolts. 4
boll is drawn at random from the product and is found to be defective. Whatisihe
probability that it was manufactured by machine B?
Solution. A : bolt is manufactured by machine 4.
B : bolt is manufactured by machine 5.
C'. bolt is manufactured by machine C.
P(4) 025, P(B) 035, P(C) =040
The probability of drawing o defective bolt manufuctures by machine A is P (D/4) = 0.03

Similarly, P (D/B) -~ 0.04 and P (D/C') = 0.02
By Baye's theorem

Dy PBPOIB
P(APD! A+ P(B)P(D/ B)+ P(C)P(D/C)
0.35%0.04 .
S, . - L ss S— Y AvS
0,25% 0,05+ 0.35%0.04 + 0.40 x 0,02 \
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EXERCISE 7.3

5 orie s
There ar€ 4 boys and 2 girls m room A and 5 boys and 3 girls in room B. A girl from one room of the two
rooms laughed loudly. What is the probability that the girl who laughed was from room B.

9
Ans. F
A coin iS tossed. It turns up heads and two balls wil

Assume that a factory has two machines. Past records show that machine A produces 30% of the items of
output and machine B produces 70% of the items. Further 5%

/o of the items produced by the machine A
were defective and only 10% produced by the machine B were defective. If a defective item is drawn at
what is the probability that it was produced by machine B.

7
random. Ans. —

22
4. Abox Acontains | red and 2 white marbles and another box B contains 3 red and 2 white marbles. One
marble is drawn at random from one of the boxes and it was found to be red. Find the probability that it
was drawn from the box B. 9

Ans. —

14
respective daily production
»300 units and machine II: 4,500 units.

Past experience shows that 1% of the output produced by machine I is defective. The corresponding
percentage of defectives for the other two machines are 1.2% and 2% respectively. An item is drawn at

random from the daily production and is found to be defective. What is the probability that it comes from
the output of (a) Machine I (b) Machine II and (c) Machine II?

5. A factory produces a certain type of output by three types of machines. The
figures are machine I: 3,000 units; machine II: 2

Ans. (a) 0.2, (5) 0.2, (¢) 0.6

6. TV components are produced by two machines A and B. 50% of the components are produced by machine

A, with an estimated of 10% of them being defective. machine B 20% of the components produced are

defective. If a component taken at random is found to be defective. What is the probability that the
component was produced by machine A.

Ans. ;
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